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Abstract
We perform an explicit one-loop calculation for the gravitational contributions to the two-, three-
and four-point gauge Green’s functions with paying attention to the quadratic divergences. It is
shown for the first time in the diagrammatic calculation that the Slavnov-Taylor identities are
preserved even if the quantum graviton effects are included at one-loop level, such a conclusion
is independent of the choice of regularization schemes. We also present a regularization scheme
independent calculation based on the gauge condition independent background field framework of
Vilkovisky-DeWitt’s effective action with focusing on both the quadratic divergence and quartic
divergence that is not discussed before. With the harmonic gauge condition, the results computed
by using the traditional background field method can consistently be recovered from the Vilkovisky-
DeWitt’s effective action approach by simply taking a limiting case, and are found to be the same
as the ones yielded by the diagrammatic calculation. As a consequence, in all the calculations,
the symmetry-preserving and divergent-behavior-preserving loop regularization method can con-
sistently lead to a nontrivial gravitational contribution to the gauge coupling constant with an
asymptotic free power-law running at one loop near the Planck scale.
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I. INTRODUCTION
The classical theory of general relativity has been well verified since its establishment in
the beginning of last century. However, the quantum theory of general relativity remains
one of the most interesting and frustrating questions. From the standard renormalization
analysis, the mass dimension of the coupling κ =
√
32πG is negative, which means that
general relativity is not a renormalizable theories [1–3]. Since the quantum effects of gravity
become important only at the Planck scale G1/2 ≈ 1019GeV, it may suggest that we can
treat it an effective field theory [4, 5] at low energy scales.
Gravitational contribution to gauge theories has attracted much attention in recent years.
Robinson and Wilczek [6] calculated gravitational corrections to gauge theories in the frame-
work of traditional background-field method, and showed that these corrections can render
all gauge theories asymptotically free by changing the gauge couplings to power-law run-
ning. This calculation was done in a specific gauge and cut-off regularization. However, it
was showed in [7] that the result obtained in [6] was gauge condition dependent, and the
gravitational correction to β function at one-loop order was absent in the harmonic gauge.
Also, it was found in [8] that, by using gauge-condition independent formalism [9, 10], the
gravitational corrections to the β function vanished in dimensional regularization [11]. The
above calculations were only involved with gauge two-point Green’s function. Later, the
authors in [12] performed a diagrammatic calculation of two- and three-point Green’s func-
tions in the harmonic gauge by using both cut-off and dimensional regularization schemes,
the same conclusion was yielded that quadratic divergences are absent. We should note that
all the conclusions are based on one-loop calculations at low energy scale. At or above the
Planck scale, the above approximation may break down and new framework for quantum
gravity is needed. In this paper, we limit our discussion at one-loop level.
In ref. [13], we have checked all the calculations in the framework of diagrammatic and
traditional background field methods, and demonstrated that the results are not only gauge
condition dependent but also regularization scheme dependent. A new consistent loop reg-
ularization(LORE) method [14] has been applied to carry out the same calculations [13] by
using both the diagrammatic and traditional background-field methods. As a consequence,
it was found in [13] that there is asymptotic freedom with power-law running in the harmonic
gauge condition. Further, various approaches were used to discuss similar issues [15–24].
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In this paper, we shall use both diagrammatic approach and Vilkovisky-DeWitt’s effective
action to calculate in detail the one-loop gravitational corrections to gauge Green’s functions
and demonstrate explicitly how the gauge invariance is preserved by these corrections. In
diagrammatic calculation, two-, three- and four-point gauge Green’s functions are computed
in a general way. We will show that the Slavnov-Taylor identities are satisfied irrespective
of the regularization schemes. Meanwhile, we will also present a calculation by adopting
the Vilkovisky-DeWitt’s formalism in Einstein-Maxwell system. Both quadratic and quartic
divergences can appear in the one loop corrections and thus a proper regularization scheme
needs to be applied to handle the quartic divergences to maintain the gauge invariance.
The paper is organized as follows. In Sec. II, we carry out a detailed calculation of one
loop gravitational contributions to two-, three- and four-point gauge Green’s functions. As
a byproduct, the gravitational contribution to the β function of gauge coupling is obtained.
In Sec.III, we apply the Vilkovisky-DeWitt’s formalism to the Einstein-Maxwell system and
show the necessary pieces to calculate the gravitational corrections to the β function of gauge
coupling. In Sec. III B, it is shown that the quadratic divergences are presented in a general
way, the effects from different regularization schemes are analyzed. Then in Sec. IIIC, we
focus the discussion on the quartic divergence which in general violates gauge invariance
and requires proper regularization schemes to handle it. In the end, we shall summarize our
results.
II. DIAGRAMMATIC CALCULATION
A. Formalism
The interest of this section is based on the action of Einstein-Yang-Mills theory,
S =
ˆ
d4xL =
ˆ
d4x
√−g
[
2
κ2
R− 1
4
gµαgνβFaµνFaαβ
]
, (1)
where R is Ricci scalar, Faµν is Yang-Mills fields strength Faµν = ∂µAaν−∂νAaµ−ig0[Aµ,Aν] and
κ =
√
32πG. Here and after, repeated indices are summed over in the Einstein summation
convention. We expand the metric tensor around a background metric g¯µν and treat graviton
field as quantum fluctuation hµν propagating on the background space-time determined by
g¯µν ,
gµν = g¯µν + κhµν . (2)
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Due to the negative mass dimension of coupling constant κ =
√
16πG, this theory is not
renormalizable.
The above expansion eq. (2) is exact, but the expansions of inverse metric and determinant
are approximate by ignoring higher-order terms in realistic calculation. To the second order
in κ, we have
gµν = g¯µν − κhµν + κ2hµαhαν ,
√−g = √−g¯
[
1 +
1
2
κh− 1
4
κ2
(
hµνhµν − 1
2
h2
)]
. (3)
The above expansions are two infinite series and the truncation is up to the question con-
sidered. We only have to keep terms of order κ or κ2 when considering the gravitational
one-loop correction to pure gauge Green’s functions without external graviton line.
For simplicity, we shall consider the case with flat background space-time, g¯µν = ηµν ,
where ηµν is the Minkowski metric, (1,−1,−1,−1). The lagrangian can be arranged to
different orders of hµν or κ. In the gravity part, we work with the de Donder harmonic
gauge
Cµ = ∂νh
µν − 1
2
∂µhνν = 0,
then, the quadratic terms of hµν in lagrangian give the graviton’s propagator,
P µνρσG (k) =
i
2k2
[ηνρηµσ + ηµρηνσ − ηµνηρσ] . (4)
Graviton shall be labelled as double wiggly line in the Feynman diagrams. For the gauge
part, Feynman gauge is used. The interactions of gauge field and gravity field are determined
by expanding the second term of the lagrangian (1). And various vertex functions could be
derived [12].
B. Renormalization
In Minkowski space-time, the lagrangian for pure Yang-Mills theory is
L =− 1
4
FaµνFaµν = −
1
4
[
∂µAaν − ∂νAaµ
]2
− g0fabc (∂µAaν)AbµAcν −
1
4
g20
(
fabeAaµAbν
) (
fcdeAcµAdν
)
,
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Aaµ and g0 in the above lagrangian are bare quantities. To remove the divergences appearing
in perturbative calculations, both Aaµ and g0 need to be renormalized,
Aaµ = z1/22 Aaµ, g0 = zgg,
z2 and zg are referred as field and coupling renormalization constant, respectively. One can
also incorporate renormalization into the three and four-point vertices as follows,
L =− 1
4
z2
[
∂µA
a
ν − ∂νAaµ
]2 − z3gfabc (∂µAaν)AbµAcν − 14z4g2 (fabeAaµAbν) (fcdeAcµAdν)
=− 1
4
[
∂µA
a
ν − ∂νAaµ
]2 − gfabc (∂µAaν)AbµAcν − 14g2 (fabeAaµAbν) (fcdeAcµAdν)
− 1
4
δ2
[
∂µA
a
ν − ∂νAaµ
]2 − δ3gfabc (∂µAaν)AbµAcν − 14δ4g2
(
fabeA
a
µA
b
ν
) (
fcdeA
cµAdν
)
(5)
with counterterms
δ2 = z2 − 1, δ3 = z3 − 1, δ4 = z4 − 1.
The renormalization constants z3 and z4 are determined by the divergent part of three-
and four-point gauge Green’s functions. And both of them have connections with zg due to
gauge invariance, which is well-known as Slavnov-Taylor [28] or Ward identities,
zg =
z3
z
3/2
2
=
z
1/2
4
z2
. (6)
When fermions and ghosts come in, similar relations exist for their renormalization constants.
The running of gauge coupling with renormalization scale µ is described by β function whose
definition is
β(g) ≡ µ ∂
∂µ
g.
With eq. 6, one can easily have
β(g) = gµ
∂
∂µ
(
3
2
δ2 − δ3) = gµ ∂
∂µ
(δ2 − 1
2
δ4). (7)
When we consider the system described by eq. (1), with expanding the metric as eq. (2),
many unrenormalizable interactions come in. Even if we only evaluate one loop gravita-
tional corrections to gauge Green’s function, operators of higher mass dimension, such as
DρF
a
µνD
ρF aµν , need to be enclosed in the lagrangian. In this paper, we shall limit our dis-
cussion in the gravitational contributions to operators appearing in eq. (5). We label the
contributions from graviton with a superscript κ,
βκg = gµ
∂
∂µ
(
3
2
δκ2 − δκ3 ) = gµ
∂
∂µ
(δκ2 −
1
2
δκ4 ). (8)
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Since the interactions of gauge boson and graviton are gauge invariant, the Slavnov-Taylor
identities should be preserved automatically. The preservation actually is not trivial at least
for two reasons. Firstly, in the realistic calculation, a gauge condition has to be chosen as a
gauge fixing condition which generally spoils the gauge invariance, which could potentially
destroy Slavnov-Taylor identities. Secondly, at one or higher loop orders, divergences appear-
ing in the loop momentum integral can also break the identities if an improper regularization
scheme is used. We shall show explicitly that Slavnov-Taylor identities is maintained and
irrespective of the regularization schemes as well.
C. Diagrammatical Calculation
In this subsection, we are going to calculate the quadratic divergences of two, three and
four point Green’s functions of gauge field. As a byproduct, we can get the β function for
the gauge coupling constant. At first, the counterterms in the last line of eq. (5) give vertex
functions,
δΠµνab = iδabQ
µνδ2, δT
µνρ
abc (p, q, k) = gfabcV
µνρ
pqk δ3, δT
µνρσ
abcd = −ig2F µνρσabcd δ4, (9)
Qµν ≡ qµqν − q2ηµν , V µνρpqk ≡ ηµν(p− q)ρ + ηνρ(q − k)µ + ηρµ(k − p)ν ,
F µνρσabcd ≡ fabefcde (ηµρηνσ − ηµσηνρ) + (b, ν)↔ (c, ρ) + (b, ν)↔ (d, σ). (10)
In gauge theories without gravity, the counter-terms are logarithmically divergent as the
quadratic divergences cancel each other(with proper regularization schemes used) due to
gauge symmetry. However, if gravitational corrections are taken into account, divergent
behavior becomes different. On dimensional ground, it is known that quadratic divergences
can appear and will contribute to the counter-terms defined above, so that they will also
lead to the corrections to the β function. In later calculations, we will omit the logarithmic
divergences and only focus on the quadratic divergences.
It can be shown that at one-loop level, gravity will contribute to two- and three-point
Green’s functions as in the following Feynman diagrams, Figs. 1 and 2. For four-point
Green’s function, two more vertex functions need to be considered, four gauge bosons–one
graviton vertex
L4Y1G = −1
4
g2κfabefcdeA
a
µA
b
νA
c
ρA
d
σ
(
1
2
ηµρηνσh− ηµρhνσ − hµρηνσ
)
, (11)
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(a) (b)
Figure 1: Graviton loop correction to the gauge two-point Green’s function.
(a) (b) (c)
Figure 2: Graviton loop correction to the gauge three-point Green’s function.
and four gauge bosons–two gravitons vertex
L4Y2G =− 1
4
g2κ2fabefcdeA
a
µA
b
νA
c
ρA
d
σ
(
1
8
ηµρηνσ
[
h2 − 2hαβhαβ
]
+ηµρhνβhβ
σ + hµαhα
ρηνσ − 1
2
h [hµρηνσ + ηµρhνσ] + hµρhνσ
)
. (12)
Feynman rules for such vertices can be obtained by standard procedures. The vertex func-
tions are very complicated with many lorentz indices and hundreds of terms, and we evaluate
the tensor contraction with FeynCalc package [41].
To make the results compact, we introduce the tensor type and scalar type irreducible
loop integrals(ILIs) at one-loop level,
I2(M2) ≡
ˆ
d4l
(2π)4
1
l2 −M2 , I
µν
2 (M2) ≡
ˆ
d4l
(2π)4
lµlν
[l2 −M2]2 . (13)
and for short, use I2 and Iµν2 stand for I2(0) and Iµν2 (0) , respectively.
After tedious calculation, the two-point function gives
Πµνab = κ
2δab
[
−1
2
QµνI2 + qµqρIνρ2 + qνqρIµρ2 − ηµνqρqσIρσ2 − q2Iµν2
]
,
and the three point functions from diagrams (a) and (b) of Fig. 2 are found, when keeping
only the quadratically divergent terms, to be
T µνρabc =
i
2
gκ2fabc
{
1
2
V µνρqkp I2 + [ηρµpσIνσ2 − ηµνpσIρσ2 + pνIρµ2 − pρIµν2 ]
+ [ηµνqσIρσ2 − ηνρqσIµσ2 + qρIµν2 − qµIνρ2 ] + [ηνρkσIµσ2 − ηρµkσIνσ2 + kµIνρ2 − kνIρµ2 ]
}
.
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(a) (b)
(c) (d)
(e) (f) (g)
(h)
Figure 3: Graviton loop correction to the gauge four-point Green’s function.
At one loop level, there are a few Feynman diagrams contributing to the four-point
Green’s function as shown in Fig. 3. At first sight, the calculation of four point Green’s
function seems a frustrating task. However, after some analysis on the superficial and real
degree of divergence, we can show that only part of these diagrams have quadratic divergence.
Superficial degree of divergence is obtained by standard renormalization analysis [29]. We
summarize it in the Table I. Where the numbers 2, 1 and 0 stand for quadratic, linear and
logarithmic.
Eventually the one-loop gravitational contributions to four point gauge Green’s function
are found to be
T µνρσabcd = g
2κ2
{
fabefcde
[
1
2
I2 (ηµρηνσ − ηµσηνρ)− Iµρ2 gνσ + gµσIνρ2 + Iµσ2 gνρ − gµρIνσ2
]
+(b, ν)↔ (c, ρ) + (b, ν)↔ (d, σ)
}
Thus the counterterms δ2, δ3 and δ4 are determined by the quadratically divergent part
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Diagrams Superficial Real Order
(a) 2 2 g2κ2
(b) 2 2 g2κ2
(c) 4 0 κ4
(d) 2 1 g2κ2
(e) 2 0 g2κ2
(f) 2 1 g2κ2
(g) 4 0 κ4
(h) 4 0 κ4
Table I: Degree of divergence for each diagram in Fig. 3.
of Πµνab , T
µνρ
abc and T
µνρσ
abcd , respectively.
Πµνab + iδabQ
µνδκ2 ∼ 0,
T µνρabc + gfabcV
µνρ
pqk δ
κ
3 ∼ 0,
T µνρσabcd − ig2F µνρσabcd δκ4 ∼ 0,
from which δκ2 ,δ
κ
3 , and δ
κ
4 are determined, respectively. As there are still tensor type quadratic
divergences appearing in the above expressions, we shall first reduce them into the scalar
type ones. While the subtle can be hidden in such a reducing step, namely it will depend
on the regularization schemes which spoil either the symmetry or divergence behavior of
original theory, we shall discuss such an issue below in detail.
Regularization: In the cut-off regularization which is known to spoil gauge and transla-
tional symmetries, one has
IR2 = −
i
16π2
[
Λ2 − µ2] , IR2µν = 14gµνIR2 . (14)
where the superscript R denote the regularized ones. Putting these formulas into the diver-
gent two-, three- and four-point Green’s functions, we straightforwardly get the following
results due to cancelations
δκ2 ∼ 0, δκ3 ∼ 0, δκ4 ∼ 0.
Note that in gauge theories with or without fermions, the relations like eq. (14) will destroy
gauge invariance in two-point Green’s functions. In the dimensional regularization which
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is known to suppress the quadratic divergences, we have IR2 = 0 and then yield the same
results as the ones in the cut-off regularization
δκ2 ∼ 0, δκ3 ∼ 0, δκ4 ∼ 0.
Note that the vanishes of the above functions in both the cut-off regularization and dimen-
sional regularization have different origins.
We shall adopt the consistent loop regularization(LORE) method[14] which preserves
both symmetries and divergence behavior of original theories and has extensively been ap-
plied to various calculations with consistent results[30–32]. Recently, the consistency and
advantage of the LORE method has further been demonstrated by merging with Bjorken-
Drell’s analogy between Fynman diagrams and electric circuits and also by explicitly ap-
plying to the two-loop regularization and renormalization of φ4 theory[33]. In the LORE
method, we have the following consistency condition of gauge invariance for the regularized
irreducible loop integrals
IR2µν =
1
2
gµνIR2 (15)
with its explicit form given by
IR2 =
−i
16π2
{M2c − µ2s − µ2s(ln
M2c
µ2s
− γw)} (16)
where Mc and µs play the roles of the ultraviolet and infrared cut-off energy scales. Thus
the divergent counterterms are found to be
δκ2 ∼
i
2
κ2IR2 , δκ3 ∼
i
2
κ2IR2 , δκ4 ∼
i
2
κ2IR2 . (17)
which can be shown to satisfy the Slavnov-Taylor identities eq.(6). In fact, one can easily
check that as long as the consistency condition of gauge invariance eq.(15) is imposed, the
Slavnov-Taylor identities eq.(6) are preserved no matter which regularization scheme is used.
The β function: Putting the leading quadratically divergent parts of δκ2 and δ
κ
3 (or δ
κ
4 )
into eq.(8), we obtain the gravitational corrections to the gauge β function
βκg = −gκ2
µ2
32π2
(18)
which shows that there are gravitational quadratic corrections to the gauge β function when
the LORE method is adopted to evaluate the quadratic divergent integrals, which is different
from the results yielded by using the cut-off and dimensional regularization schemes.
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Note that for an abelian gauge theory, there are no counterterms for δκ3 and δ
κ
4 . Thus
in the abelian gauge case, the renormalization constant of gauge coupling zg is related to
that of gauge field z2 with zgz
1/2
2 = 1, the corresponding β-function correction is given via
βκg =
1
2
gµ ∂
∂µ
δκ2 , which leads to the same result as eq. (18). Therefore, the gravitational
correction to the running of gauge coupling is universal for all gauge theories.
III. VILKOVISKY-DEWITT’S BACKGROUND FIELD METHOD
In this section, we shall apply Vilkovisky-DeWitt’s background field method to Einstein-
Maxwell system other than Einstein-Yang-Mills systerm, for simplicity. This section is
partly overlapped with [25] about the action expansion and with [21, 26, 27] about quadratic
divergences, but we shall present a complete calculation in a regularization independent way
and pay attention to the quartic divergence which has not been discussed before. Details of
the calculation are given in the appendix.
For a comparison with the results obtained in [25], we shall use the same notation.
Especially, the DeWitt’s condensed index notation is used throughout below, except for
places where an explicit calculation is given. In the appendix, a short review of the effective
action is given. In a general gauge condition, the resulting Vilkovisky-DeWitt’s effective
action is given by
Γ[ϕ¯] = S[ϕ¯]− ln detQαβ + 1
2
ln det
(
∇i∇jS[ϕ¯] + 1
2Ω
χα
,iχα,j
)
. (19)
where χα is the gauge condition, Q
α
β is the Faddeev-Popov factor, ϕ¯ is the background field,
and ∇i∇jS[ϕ¯] = S,ij [ϕ¯]− ΓkijS,k[ϕ¯] with Γkij being given and explained in the appendix.
A. Action Expansion
We expand the fields, ϕi = (gµν , Aµ), at the flat background-fields, ϕ¯
i = (δµν , A¯µ),
gµν = δµν + κhµν ; Aµ = A¯µ + aµ. (20)
and label ηi = (hµν , aν) as the graviton and photon fields. Due to the complicated Γ¯
k
ij , it is
much simpler to work in Landau-DeWitt gauge (ω = 1), Kαi[ϕ¯]η
i = 0. Explicitly, we have
χλ =
2
κ
(∂µhµλ − 1
2
∂λh) + ω(A¯λ∂
µaµ + a
µF¯µλ)
χ = −∂µaµ.
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Kiα[ϕ¯] is the generator of gauge transformations. Details can be referred to the appendix.
In this gauge, the resulting Vilkovisky-DeWitt’s effective action is given by
Γ[ϕ¯] = S[ϕ¯]− ln detQαβ [ϕ¯]
+
1
2
lim
Ω→0
ln det
(
∇i∇jS[ϕ¯] + 1
2Ω
Kiα[ϕ¯]K
α
j [ϕ¯]
)
with ∇i∇jS[ϕ¯] = S,ij[ϕ¯]−ΓkijS,k[ϕ¯], and the connection Γkij is determined by gij[ϕ] which is
the metric on the field space. In the resulting effective action, a parameter, v, is introduced
for the connection term [25],
Sq =
1
2
ηi
(
S,ij − vΓkijS,k +
1
2Ω
KαiK
α
j
)
ηj. (21)
Note that both ω and v are not real gauge condition parameters, and their values are
actually fixed in Landau-DeWitt gauge, ω = 1, v = 1. They are introduced here just for an
advantage of comparing with the traditional background field method in harmonic gauge by
simply taking ω = 0, v = 0. In principle, the Vilkovisky-DeWitt formalism is applicable in
any gauge condition as it has been verified to be gauge condition independent[37, 38, 40].
While in a practical calculation, such a formalism becomes much simpler in Landau-DeWitt
gauge at one loop. Therefore, we will impose eventually the Landau-DeWitt gauge condition:
ω = 1, v = 1, ξ → 0 and ζ → 0 to obtain a gauge condition independent result as guaranteed
by the Vilkovisky-DeWitt formalism. Meanwhile, by taking ω = 0, v = 0, and ξ = 1/κ2,
ζ = 1/2, we can straightforwardly read out the result in the traditional background field
method in harmonic gauge.
By appropriately arranging all the terms in the expanded action, we can express Sq in
eq.(21) as follows
Sq = S0 + S1 + S2, (22)
which is found to be consistent with that in [25] where terms from A¯λ∂
µaµ in gauge condition
are neglected for evaluation of logarithmic divergences. Later we will show that such terms
could lead to quartic divergences and violate gauge invariance.
The free part can be written as
S0 =
ˆ
d4x
[
−1
2
hµνhµν +
1
4
hh +
(
1
κ2ξ
− 1
)(
∂µhµν − 1
2
∂νh
)2
− Λ
(
hµνhµν − 1
2
h2
)
+
1
2
aµ (−δµν+ ∂µ∂ν) aν + 1
4ζ
(∂µaµ)
2 − v
2
Λδµνaµaν
]
(23)
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with Λ the cosmological constant. The interaction terms with linear on graviton hµν or
gauge field aµ have the following form
S1 =
κ
2
ˆ
d4x
(
F¯ µνh∂µaν − 2F¯ανhµα∂µaν + 2F¯ανhµα∂νaµ
)
−κv
4
ˆ
d4x
(
δλσδ
µν − 2δ(µσ δν)λ
)
∂τ F¯
στhµνaλ
+
ω
κξ
ˆ
d4x
(
∂µhµν − 1
2
∂νh
)(
A¯ν∂λaλ + a
λF¯λ
ν
)
=
ˆ
d4x
[
Cαβµν11 hαβ∂µaν + C
αβµ
12 hαβaµ +
ω
κξ
Cναβ13 ∂νhαβ∂
µaµ
]
= S11 + S12 + S13
and the interaction terms with quadratic on graviton hµν or gauge field aµ are given by
S2 =
κ2
4
ˆ
d4xF¯µνF¯αβ
(
2δµαhνλh
λβ + hµαhνβ − δµαhhνβ)− κ2
16
ˆ
d4xF¯ 2
(
hµνhµν − 1
2
h2
)
+
κ2v
4
ˆ
d4x
(
1
2
F¯ λγF¯
σγδµν − F¯ µγF¯ σγδνλ +
[
1
4
δµλδσν − 1
8
δµνδλσ
]
F¯ 2
)
hµνhλσ
−
ˆ
d4x
[
κ2v
4
(
1
8
δµνF¯ 2 − 1
2
F¯ µγF¯
νγ
)
− ω
2
4ξ
F¯ µγF¯
νγ
]
aµaν +
ω2
4ξ
ˆ
d4xA¯λA¯
λ∂µaµ∂
νaν
=
ˆ
d4x
[
Cαβµν21 hαβhµν + C
µν
22 aµaν +
ω2
4ξ
C23∂
µaµ∂
νaν
]
= S21 + S22 + S23. (24)
The tensor coefficients, Cαβµν11 , C
αβµ
12 , C
ναβ
13 , C
αβµν
21 , C
µν
22 and C23 are functions of A¯µ and δµν ,
and they can be read out directly. The graviton and photon propagators are determined by
S0. And the terms in S1 and S2 will be treated as interactions between background fields
and quantum fields. Note that S13 and S23 are proportional to ω, and they result from the
A¯λ∂
µaµ term in the Landau-DeWitt gauge condition for graviton given in eq.(E12). We shall
show that these two terms do not contribute to the effective action in the present choice of
the gauge condition.
We can write the photon propagator in momentum space as [25]
〈aµ(x)aν(x′)〉 = Gµν(x, x′) =
ˆ
d4p
(2π)4
eip·(x−x
′)Gµν(p),
and the graviton propagator as
〈hρσ(x)hλτ (x′)〉 = Gρσλτ (x, x′) =
ˆ
d4p
(2π)4
eip·(x−x
′)Gρσλτ (p).
Using the explicit result for S0, we have
Gµν(p) =
δµν
p2 − vΛ + (2ζ − 1)
pµpν
(p2 − vΛ)(p2 − 2ζvΛ) (25)
13
and
Gρσλτ (p) =
δρ(λδτ)σ − 12δρσδλτ
(p2 − 2Λ) + (κ
2ξ − 1) δρ(λpτ)pσ + δσ(λpτ)pρ
(p2 − 2Λ) (p2 − 2κ2ξΛ) (26)
Now we are ready to check that S13 and S23 give vanishing quadratic divergences. In
the harmonic gauge, ω = 0, it becomes manifest. In the Landau-DeWitt gauge, ω = 1 and
ζ = 0, the gauge propagator is
Gµν(p) =
1
p2
[
δµν − pµpν
p2
]
Since the interactions in S13 and S23 have a factor of ∂
µaµ, then p
µGµν and p
µpνGµν will
appear in the tensor contraction, which give vanishing contributions. However, in a general
gauge, we will encounter quartic divergent integrals like A¯µA¯
µ
´
d4p
(2π)2
1, such a quartically
divergent term has to be well regularized, otherwise it will violate the U(1) gauge symmetry
due to its contribution to the gauge boson mass. We shall discuss it further next section.
A similar analysis can be made for the effective action of ghost part. The free part can
be written down as
SGH0 =
ˆ
d4x
[
− 2
κ2
c¯λcλ − c¯c
]
(27)
The interaction term with linear on gravity ghost or gauge ghost is given by
SGH1 =
ˆ
d4x
{
ωc¯λF¯µλc
,µ + ωc¯λA¯λc+
[
c¯A¯ν,µc
ν,µ − c¯,µA¯µ,νcν + c¯A¯νcν
]}
(28)
and the interaction term with quadratic terms on gravity ghost has the form
SGH2 = ω
ˆ
dnx
{
c¯λF¯λµ
[
A¯µ,νc
ν + A¯νc
ν,µ
]− [c¯λA¯λA¯ρcρ + c¯λA¯λA¯ν,ρcρ,ν]
}
. (29)
From the free part SGH0, the ghosts’ propagators can easily be read off
〈cµ(x)c¯ν(x′)〉 = ∆µν(x, x′) =
ˆ
d4p
(2π)4
eip·(x−x
′)∆µν(p),
〈cµ(x)cν(x′)〉 = 〈c¯µ(x)c¯ν(x′)〉 = 0
〈c(x)c¯(x′)〉 = ∆(x, x′) =
ˆ
d4p
(2π)4
eip·(x−x
′)∆(p),
〈c(x)c(x′)〉 = 〈c¯(x)c¯(x′)〉 = 0
where the propagators in the momentum space are given by
∆µν(p) =
κ2
2
δµν
1
p2
, ∆(p) =
1
p2
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B. One-Loop quadratically divergent contribution
In this subsection, we shall present our results for the quadratically divergent contribu-
tions. As a consistent check, we have reproduced the results for the logarithmic divergent
contributions to the β function when the cosmological constant is included[25]. Here we shall
not repeat the similar analysis and only carry out the calculation for the leading quadratic
divergences which are encountered in corrections to 1
4
FµνF
µν . The contributions from the
gravity-gauge interactions to the effective action can be written as
ΓG = 〈S2〉 − 1
2
〈S21〉, 〈S2〉 = 〈S21〉+ 〈S22〉 (30)
with the explicit forms given by
〈S21〉 =
ˆ
d4xCαβµν21 Gαβµν(x, x) (31)
〈S22〉 =
ˆ
d4xCµν22Gµν(x, x) (32)
〈S21〉 =
ˆ
d4x
ˆ
d4x′Cαβµν11 C
ρσλτ
11 Gαβρσ(x, x
′)∂µ∂
′
λGντ (x, x
′) (33)
where we have neglected the corrections in the 〈S21〉 from the term Cαβµ12 which contributes to
high order operators. S13 and S23 give vanishing quadratic divergences as we have explained
in the previous section. Thus we can expand the gauge and graviton propagators into
Gµν(p) =
δµν
p2 − vΛ + (2ζ − 1)
pµpν
(p2 − vΛ)(p2 − 2ζvΛ)
=
δµν
p2
+ (2ζ − 1)pµpν
p4
+O(Λ) (34)
and
Gρσλτ (p) =
δρ(λδτ)σ − 12δρσδλτ
(p2 − 2Λ) + (κ
2ξ − 1) δρ(λpτ)pσ + δσ(λpτ)pρ
(p2 − 2Λ) (p2 − 2κ2ξΛ)
=
δρ(λδτ)σ − 12δρσδλτ
p2
+ (κ2ξ − 1)δρ(λpτ)pσ + δσ(λpτ)pρ
p4
+O(Λ) (35)
Since the cosmological constant Λ is of mass-dimension two, the corrections arising from
O(Λ) are only logarithmically divergent, we shall not consider its effects below. When
the calculation involves propagators Gµν(p − q) and Gρσλτ (p − q) which depend on the
external momentum q, we will treat respectively Gµν(p− q) as Gµν(p) and Gρσλτ (p− q) as
Gρσλτ (p), since the q-dependent contributions can be regarded as the higher order terms,
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like ∂µFαβ∂µF
αβ. With this consideration and approximation, all the remaining leading-
contributions will only involve with the following quadratically divergent tensor- and scalar-
type loop integrals
I2µν =
ˆ
d4p
pµpν
p4
; I2 =
ˆ
d4p
1
p2
. (36)
In general, one needs a consistent regularization to make the quadratically divergent integrals
well-defined. Without involving the details of regularization schemes, one can always relate
the regularized tensor-type integral with the regularized scalar-type integral via the general
Lorentz structure as follows
IR2µν = a2δµνIR2 . (37)
where the superscript R denotes the regularized integral. Here a2 may be different in differ-
ent regularization schemes. However, by explicitly calculating one loop diagrams of gauge
theories, it has been shown [14] that a consistency condition with
a2 =
1
2
(38)
is required to preserve gauge invariance for IR2 6= 0. In the LORE method[14], the condition
Eq. (38) is satisfied, while the naive cut-off regularization does not lead to the condition
Eq. (38) as it results to a2 =
1
4
. The dimensional regularization is known to suppress the
quadratic divergence and gives IR2 = 0, which leads no quadratic divergence.
With the above general relation, the quadratically divergent parts of effective action,
without including ghost’s contribution at one-loop level, are found to be
〈S2〉 = κ2(C21 + C22)IR2
1
4
ˆ
d4xF¯ 2
〈S21〉 = κ2C11IR2
1
4
ˆ
d4xF¯ 2 (39)
where the numerical factors are explicitly given by
C21 =
1
2
(
[v(1− 4a2) + 6a2](κ2ξ − 1) + 3
)
C22 =
v
8
(4a2 − 1)(2ζ − 1) + ω
2
κ2ξ
[
(2ζ − 1)a2 + 1
]
C11 =
2ω2
κ2ξ
([2ζ − 1]a2 + 1) + 2κ2ξ(1− a2) + 6a2 − 4ω(1− a2) (40)
Thus the effective action with the total gravitational field contributions is found at the
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one-loop order to be
ΓG = 〈S2〉 − 1
2
〈S21〉 = κ2CGIR2
1
4
ˆ
d4xF¯ 2 (41)
CG =
(4a2 − 1)
8
(
v
[
(2ζ − 1)− 4(κ2ξ − 1)]
+ 8(κ2ξ − 1)− 16ω − 4
)
+6ωa2 (42)
Thanks the cancelation of 1/ξ terms in 〈S2〉 and 〈S21〉 , otherwise it would be inconsistent
when going back to the Landau-DeWitt gauge ξ → 0. The ghost’s contribution to the
effective action at the one-loop order can be written as
ΓGH = 〈SGH2〉 − 1
2
〈S2GH1〉 (43)
An additional sign has to be taken care for a ghost loop in the calculation, the quadratically
divergent contributions are found to be
〈SGH2〉 = −κ2ωIR2
1
4
ˆ
d4xF¯ 2 ;
〈
S2GH1
〉
= 0 (44)
which is independent of a2 in Eq. (37).
Thus the total quadratically divergent one-loop gravitational contribution to the effective
action has the following gauge invariant form
Γ =
1
4
ˆ
d4xF¯ 2 + κ2CIR2
1
4
ˆ
d4xF¯ 2 (45)
where the constant C is given by
C = CG − ω = 4a2 − 1
8
(
v
[
(2ζ − 1)− 4(κ2ξ − 1)]
+ 8(κ2ξ − 1)− 16ω − 4
)
+ω(−1 + 6a2) (46)
Thus the corresponding counter-term is needed to renormalize the gauge field and gauge
coupling constant. The renormalized gauge action is given by
Γ =
1
4
(1 + δ2)
ˆ
d4xF¯µνF¯
µν (47)
where δ2 is determined via the cancelation of the quadratic divergence δ2 + κ
2CIR2 ≃ 0,
namely
δ2 ≃ −κ2CIR2 (48)
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as the charge renormalization constant ze is connected to the gauge field renormalization
constant z2 = 1+δ2 via the identity zez
1/2
2 = 1, the gravitational correction to the β function
is defined to be
βκe = µ
∂
∂µ
e = µ
∂
∂µ
z−1e e
0 =
1
2
e0µ
∂
∂µ
δ2 (49)
from which we can obtain the gravitational corrections to the β function
βκe =
µ2
16π2
eκ2C, (50)
where e is the electric charge. Such a result indicates that there do exist quadratically
divergent gravitational contributions to the gauge coupling constant for C 6= 0. Let us now
impose the Landau-DeWitt gauge condition v = 1, ω = 1, ζ = 0, ξ = 0, and take the gauge
invariance consistency condition a2 = 1/2, which leads to a nonzero value for the constant
C = 6a2 − 1− 25(a2/2− 1/8) = −9/8 and results in a negative β function
βκe = −
9µ2
128π2
eκ2 (51)
We would like to emphasize that the above result is gauge condition independent ensured
by the Vilkovisky-DeWitt formalism, and is also independent of any specific regularization
schemes as long as the regularization schemes preserve gauge symmetry and divergent be-
havior. We then arrive at the statement that gravity does provide power-law contributions
to the gauge coupling constant and tends to make gauge coupling asymptotically free.
We are also in the position to make comments on the regularization scheme dependence.
In the dimension regularization, one has IR2 = 0, so that δ2 = 0 and βκe = 0, it is then
manifest that there is no quadratically divergent gravitational contributions in any case
based on the dimensional regularization. In the cut-off regularization, one has a2 = 1/4 and
C = 1/2, namely βκe = µ
2/(32π2)eκ2 which leads to no asymptotic freedom.
As a consistent check, let us revisit the traditional background field method in the har-
monic gauge, which is recovered by simply taking v = 0, ω = 0, ζ = 1/2, ξ = 1/κ2 in the
above Vilkovisky-DeWitt formalism. As a consequence, it leads to
C = 1/2− 2a2 (52)
which becomes manifest that in the cut-off regularization, one has a2 = 1/4, C = 0 and β
κ
e =
0, which confirms the previous results given in [7, 12, 13]. In the LORE method a2 = 1/2,
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we have C = −1/2 and βκe = −µ2/(32π2)eκ2 which confirms our previous result given in
Eq. (18) and ref. [13]. Namely, the quadratically divergent gravitational contribution to the
gauge coupling constant is asymptotic free in the traditional background field or equivalently
in the diagrammatic method with the harmonic gauge.
C. Quartic divergences
In this section, we shall restrict ourselves to the quartic divergences that may appear in
the calculation. The quartic divergences have a form of
A¯µA¯µ
ˆ
d4p
(2π)4
1 = A¯µA¯µI4. (53)
such a term will violate the U(1) gauge symmetry without adopting a proper regularization
scheme to handle it.
In the gravity-gauge sector, it is easy to check that quartic divergences only show in the
contributions from 〈S213〉 and 〈S23〉. Both contributions are proportional to ω2/ξ,
1
2
〈
S213
〉
4
=
ω2
2κ2ξ2
ˆ
d4x
ˆ
d4x′Cµαβ13 C
νρσ
13 ∂µ∂
′
νGαβρσ(x, x
′)∂γ∂
′τGγτ (x, x
′) (54)
with Cµαβ13 = δ
µ(αA¯β) − 1
2
δαβA¯µ and ∂γ∂
′τGγτ (x, x
′) = 2ζδ(x, x′). Here the subscript 4
indicates that we are dealing with quartic divergence. We can show that only the terms
proportional to κ2ξ in the gravity propagator contribute to the quartic divergent term,
1
2
〈
S213
〉
4
=
ω2
4ξ
2ζ
ˆ
d4xA¯µA¯µI4 (55)
and similarly we have
〈S23〉4 =
ω2
4ξ
ˆ
d4xC23∂
γ∂τGγτ (x, x)
=
ω2
4ξ
2ζ
ˆ
d4xA¯µA¯µI4 (56)
Luckily, the cancelation occurs that 〈S23〉4 − 12 〈S213〉4 = 0. If they could not cancel each
other, we would get inconsistent result in the limit of ξ → 0. Again, we emphasize that
we only confine our discussion here to quartic divergence. In a general gauge for arbitrary
ω, the connection term ST in Eq.(B28) should be included as well. Since ST involves S,i,
Eq. (E2) has only F¯µν or ∂µF¯
µν in the absence of cosmological constant Λ, there will be no
quartically divergent correction to A¯µA¯
µ from ST .
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However, in the ghost sector there is no such a cancelation. The second term ωc¯λA¯λc
in eq.(28), and the terms in the second bracket of eq.(29), −ω [c¯λA¯λA¯ρcρ + c¯λA¯λA¯ν,ρcρ,ν],
originate from the interaction term ωA¯λ∂
µaµ in the Landau-DeWitt gauge condition for
graviton in eq.(E12). These two terms will give a non-zero quartic divergence.
1
2
〈
S2GH1
〉
4
=
1
2
ω
〈ˆ
d4x
ˆ
d4x′c¯λA¯λcc¯A¯νc
ν
〉
=
κ2
4
ω
ˆ
d4xA¯µA¯µI4 (57)
and
〈SGH2〉4 = −ω
〈ˆ
d4xc¯λA¯λA¯νc
ν
〉
= −κ
2
2
ω
ˆ
d4xA¯µA¯µI4 (58)
where a sign has been added for a ghost loop. It is seen that the total contribution to the
effective action is nonzero 〈SGH2〉4 − 12 〈S2GH1〉4 6= 0, which leads to a divergent mass term
and violates U(1) gauge invariance without imposing proper regularization schemes to treat
such a quartic divergence. Obviously, in the cut-off regularization, IR4 is proportional to
Λ4, which then destroys the gauge invariance. While the LORE method is found to be a
proper regularization scheme as it leads IR4 = 0, so that the regularized quartic divergence
disappears and the gauge invariance is maintained. Though the dimensional regularization
results in IR4 = 0, while it also gives IR2 = 0.
IV. CONCLUSIONS
In summary, we have investigated the one-loop quadratically divergent gravitational cor-
rections to gauge Green’s functions both in diagrammatic calculation and in the gauge
condition independent Vilkovisky-DeWitt background field method. As a consequence, we
have obtained in both cases the quadratically divergent gravitational contributions to the
β function of gauge coupling constant. We limit our discussion in one-loop approximation.
This approximation can break down as approaching the Planck scale, where new framework
of quantum gravity is needed.
In the diagrammatic approach, we have explicitly performed the calculations for the two-,
three- and four-point gauge Green’s functions at one-loop level with graviton contributions.
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We have demonstrated for the first time that the Slavnov-Taylor identities are satisfied
for these gravitational corrections, which is found to be irrespective of the regularization
schemes. However, our analysis has shown that the gravitational contribution to the β
function is dependent on the regularization schemes in the harmonic gauge condition. Both
the cut-off and dimensional regularization schemes lead to a zero result, here the former is
due to the accidental cancelation with the inconsistency relation IR2µν = 14gµνIR2 which spoils
gauge invariance, and the latter is due to the well-known suppression effect of dimensional
regularization to the quadratic divergence with IR2 = 0. In contrast, the LORE method
gives a non-zero result that render all gauge theory asymptotically free at very high energy
scale, this is because the LORE method preserves the gauge symmetry and maintains the
quadratic divergent behavior with the consistency condition IR2µν = 14gµνIR2 .
In the second part of our calculations, we have worked within the framework of Vilkovisky-
DeWitt’s effective action which is gauge-condition independent. We have shown in a regu-
larization scheme independent way that there is in general quadratically divergent gravita-
tional contributions to the gauge coupling. It is interesting to notice that when reducing to
the framework of traditional background field approach with harmonic gauge condition, we
arrive at the same results obtained in the diagrammatic approach, which shows the equiv-
alence between the diagrammatic approach and traditional background method. We have
found that in any case the symmetry-maintaining and divergent-behavior-preserving LORE
method leads to an asymptotic free power-law running of gauge coupling at one-loop near
the Planck scale due to quantum gravitational contributions. In particular, we have paid
attention to the treatment on the quartic divergent effect which in general violates gauge
invariance, again the LORE method is found to be a proper regularization scheme to handle
the quartic divergence for ensuring gauge invariance.
Note added: At the final stage of this work, there is a preprint [42], which also discussed
the Einstein-Maxwell system, Ward identities and Vilkovisky-DeWitt’s formalism. Part of
our calculation on quadratic divergence is confirmed by [42] using proper-time representation.
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Appendix
In the following appendix sections, we are going to present a concise overview for the tra-
ditional and Vilkovisky-DeWitt’s modified effective action for completeness and convenience.
The introduction of traditional effective action can be found in the standard textbook[29].
The original idea of Vilkovisky-DeWitt’s effective action was presented in[9, 10]. For a
pedagogical review on this topic, the readers are referred to the article[34] and references
therein.
Appendix A: Traditional effective action
We begin with a brief description of the traditional approach to define an effective action
for non-gauge theories. Let S[ϕ] be the classical action for the theory, then the generating
functional Z[J ] in the presence of external currents for the n-point Green’s functions is
defined by
Z[J ] = N
ˆ
Dϕ exp i{S[ϕ] + ϕiJi} (A1)
where the functional integration measure is
Dϕ =
(∏
i
dϕi
)
(A2)
N is an irrelevant constant for normalization and will be neglected below. Z[J ] has a
physical diagrammatic picture that it is the the sum of all vacuum-to-vacuum amplitudes,
including both disconnected and connected diagrams. For the connected Green’s functions,
it is useful to define another generating functional, W [J ] , with
W [J ] = −i lnZ[J ] (A3)
For One-Particle-Irreducible(OPI) diagrams, one can go one step further. Define the back-
ground fields ϕ¯i as
ϕ¯i(x) ≡ 〈out |ϕ
i(x)| in〉J
〈out|in〉J
=
−i
Z[J ]
δZ[J ]
δJ i(x)
=
δW [J ]
δJ i(x)
(A4)
Now, the quantum effective action Γ[ϕ¯] is defined by the Legendre transformation of W [J ],
Γ[ϕ¯] ≡W [J ]− ϕ¯iJi (A5)
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It can be shown that ϕ¯i satisfies the equation
δΓ[ϕ¯]
δϕ¯i(x)
= −Ji(x) (A6)
and Γ[ϕ¯] is the generating functional for OPI Green functions. In the functional integral
representation, we have
exp iΓ[ϕ¯] =
ˆ
Dϕ exp i{S[ϕ] + (ϕi − ϕ¯i) Ji}
=
ˆ
Dϕ exp i
{
S[ϕ]− (ϕi − ϕ¯i) δΓ[ϕ¯]
δϕ¯i
}
(A7)
Both sides of the above equation have Γ[ϕ¯], so it will involve an iterative procedure to solve
the equation in perturbative expansion. For example, to get Γ[ϕ¯] at one loop level on the
Left-Hand-Side(LHS), we can replace the Γ[ϕ¯] on the Right-Hand-Side(RHS) with its tree
level value S[ϕ¯].
In the background field approach, one expands the fields ϕi as the sum of background
fields ϕ¯i and quantum fields ηi,
ϕi = ϕ¯i + ηi. (A8)
To get the one-loop effective action, only the quadratic terms of ηi in the exponent need to
be kept,
exp iΓ[ϕ¯] =
ˆ
Dη exp i
{
S[ϕ¯i + ηi]− ηi δS[ϕ¯]
δϕ¯i
}
= exp iS[ϕ¯]
ˆ
Dη exp i
{
1
2
ηi
δS[ϕ¯]
δϕ¯iδϕ¯j
ηj
}
then, the effective action Γ[ϕ¯] is given by
Γ[ϕ¯] = S[ϕ¯] +
i
2
ln det S,ij (A9)
Appendix B: The Vilkovisky-DeWitt effective action
The above formalism for defining quantum effective action has the problem that it de-
pends on the parametrization of ϕ′ = ϕ′(ϕ) [9]. Suppose S[ϕ] is a scalar under the transfor-
mation ϕ′ = ϕ′(ϕ), so should be expected for Γ[ϕ]. However, in a different parametrization
ϕ′ = ϕ′(ϕ), the effective action will be changed [9]
Γ′[ϕ¯′] = S ′[ϕ¯′] +
i
2
ln det
[
S,ij + S,k
∂2ϕk
∂ϕ′l∂ϕ′m
∂ϕ′l
∂ϕi
∂ϕ′m
∂ϕj
]
(B1)
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Since S ′[ϕ¯′] = S[ϕ¯], eq.(B1) will be different from eq.(A9) at one loop level already. To
solve the field parametrization dependence, Vilkovisky [9] suggested that we might regard
the field space ϕi as a manifold M which is associated with the metric gij[ϕ], connection
Γijk, treat the field ϕ
i as the coordinates on this manifold, and define the effective action in
terms of parametrization invariant quantities. Later, DeWitt discussed this issue further in
[10]. In the following, we shall follow the discussion in ref. [34] where a complete and clear
discussion was given.
Define the two-point function or world function [35],
σ[ϕ⋆;ϕ] =
1
2
(length of geodesic from ϕ⋆to ϕ)
2 (B2)
and
σi[ϕ⋆;ϕ] = g
ij[ϕ⋆]
δσ[ϕ⋆;ϕ]
δϕj⋆
(B3)
σi[ϕ⋆;ϕ] is a vector and tangent to the geodesic line on the field space that connects ϕ⋆ and
ϕ. σi[ϕ⋆;ϕ] can be expanded in powers of η
i = ϕi − ϕ¯i,
σi[ϕ⋆;ϕ] = −ηi +
∞∑
n=2
1
n!
σij1···jnη
j1 · · ·ηjn, σijk = Γijk (B4)
where ϕ⋆ is an arbitrary point at the moment. Then the generating functional eq.(A1) is
modified to be
Z[J ] =
ˆ
dµ[ϕ⋆;ϕ] exp i
{
S[ϕ]− Jiσi[ϕ⋆;ϕ]
}
= exp iW [J ;ϕ⋆] (B5)
where the measure
dµ[ϕ⋆;ϕ] =
(∏
i
dσi[ϕ⋆;ϕ]
)√
|g[ϕ⋆]| =
(∏
i
dϕi
)√
|g[ϕ]| |J [ϕ⋆;ϕ]|
J [ϕ⋆;ϕ] is the Jacobean factor, which is irrelevant at one loop order. S[ϕ] is treated as
functional of ϕ⋆ and σ
i[ϕ⋆;ϕ], Sˆ [ϕ⋆; σ
i[ϕ⋆;ϕ]] is defined by covariant Taylor expansion,
S[ϕ] = Sˆ
[
ϕ⋆; σ
i[ϕ⋆;ϕ]
]
=
∞∑
n=0
(−1)n
n!
S;i1···in [ϕ⋆]σ
i1 [ϕ⋆;ϕ] · · ·σin [ϕ⋆;ϕ] (B6)
then Z[J ] of eq.(B5) can be regarded as the generating functional for Green function of
σi[ϕ⋆;ϕ], but we are more interested in Green function of ϕ
i. Define ϕ¯ and vi through
vi ≡ σi[ϕ⋆; ϕ¯] ≡
〈
σi[ϕ⋆;ϕ]
〉
=
δW [J ;ϕ⋆]
δJi
. (B7)
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Similarly, the corresponding effective action then is
Γˆ
[
ϕ⋆; σ
i[ϕ⋆; ϕ¯]
]
= W [J ;ϕ⋆] + Jiσ
i[ϕ⋆; ϕ¯], (B8)
exp iΓˆ
[
ϕ⋆; σ
i[ϕ⋆; ϕ¯]
]
=
ˆ
dµ[ϕ⋆;ϕ] exp i
{
S[ϕ]− δΓˆ
δvi
(
σi[ϕ⋆;ϕ]− vi
)}
. (B9)
By expanding the functional Sˆ [ϕ⋆; σ
i[ϕ⋆;ϕ]] at σ
i = vi
Sˆ
[
ϕ⋆; σ
i[ϕ⋆;ϕ]
]
= Sˆ
[
ϕ⋆; v
i
]
+
∞∑
n=0
1
n!
δnSˆ [ϕ⋆; v
i]
δvi1 · · · δvin (σ
i1 − vi1) · · · (σin − vin), (B10)
where the expansion coefficients are connected to those of covariant Taylor expansion,
δnSˆ [ϕ⋆; v
i]
δvi1 · · · δvin = (−1)
nS;i1···in[ϕ⋆] +
∞∑
m=n+1
(−1)m
(m− n)!S;i1···im [ϕ⋆]v
i1 · · · vim (B11)
Then at one loop level, the effective action is given by
Γˆ
[
ϕ⋆; σ
i[ϕ⋆; ϕ¯]
]
= Sˆ
[
ϕ⋆; σ
i[ϕ⋆; ϕ¯]
]
+
i
2
ln det
[
gik[ϕ⋆]
δ2Sˆ [ϕ⋆; v
i]
δvkδvj
]
, (B12)
When ϕ⋆ is arbitrary, we can take the limit ϕ⋆ → ϕ¯ and vi → 0, then we have
δnSˆ [ϕ⋆; v
i]
δvi1 · · · δvin
∣∣∣∣∣
v=0
= (−1)nS;i1···in , (B13)
and the effective action
Γ[ϕ¯] = Γˆ
[
ϕ¯; σi[ϕ¯; ϕ¯]
]
= Sˆ
[
ϕ¯; σi[ϕ¯; ϕ¯]
]
+
i
2
ln det
[
gik[ϕ⋆]
δ2Sˆ [ϕ⋆; v
i]
δvkδvj
]
v=0
= S[ϕ¯] +
i
2
ln det
[∇i∇jS[ϕ¯]] (B14)
The above formalism can be generalized to multi-loops [34].
For gauge theories, some modifications are needed. Let S[ϕ] represent the classical action
functional for a gauge theory, it is gauge invariant under the transformation
δϕi = Kiα[ϕ]δǫ
α. (B15)
with Kiα[ϕ] regarded as the generators of gauge transformations and δǫ
α infinitesimal pa-
rameters. S[ϕ] is gauge invariant in the sense of
S,iδϕ
i = S,iK
i
α[ϕ]δǫ
α = 0, ∀ δǫα =⇒ S,iKiα[ϕ] = 0 (B16)
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To quantize gauge theory, a gauge fixing condition has to be imposed, for instance, χα[ϕ] =
fα, where fα is independent of ϕi. Since we want to fix the gauge field, the gauge condition
then should not be gauge invariant. Then require χα[ϕ + δϕ] = χα[ϕ] hold only if δǫα = 0,
one has
χα,i[ϕ]K
i
β[ϕ]δǫ
β ≡ Qαβ[ϕ]δǫβ = 0 (B17)
Then detQαβ is usually called as the Faddeev-Popov factor [36]. In Path-Integral quantiza-
tion, for a field space M that has gauge symmetry G, we only have to integrate the gauge
nonequivalent field configuration on the reduced field space M = M/G for the generating
functional, and use g˜ij and Γ˜
i
jk on M to define the gauge and parametrization invariant
effective action. However, it is usually more convenient to work in the whole field space M
by inserting Faddeev-Popov factor detQαβ and gauge condition δ [χ
α − fα] into the integral
measure and expressing g˜ij and Γ˜
i
jk on M in terms of gij and Γijk on M , with [9, 10]
g˜ij = gij −KiαγαβKjβ, γαβ = KiαgijKjβ (B18)
Γ˜kij = Γ
k
ij + T
k
ij +K
k
αA
α
ij (B19)
T kij =
1
2
γαλγβτKαiKβj(K
n
λK
k
τ ;n +K
n
τK
k
λ;n)
−γαβ(KαiKkβ;j +KαjKkβ;i)
where Aαij = A
α
ji is arbitrary. Γ˜
k
ij is different from Γ
k
ij by two additional terms, T
k
ij and
KkαA
α
ij. It will be shown later that K
k
αA
α
ij term will not contribute to one loop effective
action because of the gauge invarance of S and then to any order Γ by induction. Choose a
gauge fixing condition, χα = fα, then the effective action is
exp iΓˆ
[
ϕ⋆; v
i
]
=
ˆ
dµ[ϕ⋆;ϕ]δ [χ
α − fα] detQαβ exp i
[
S[ϕ]− δΓˆ
δvi
(
σi[ϕ⋆;ϕ]− vi
)]
(B20)
Physical results should be independent of this choice of fα, so we can insert the integration
with
´ Dfα exp [ i
2Ω
fαfα
]
and do a Gaussian average over fα. Integrate fα first and use
δ [χα − fα], exp [ i
2Ω
fαfα
]
is turned into exp
[
i
2Ω
χαχα
]
, then at one-loop approximation the
effective action is given by
Γ[ϕ¯] = S[ϕ¯]− i ln detQαβ + i
2
ln det
(
∇i∇jS[ϕ¯] + 1
2Ω
χα
,iχα,j
)
(B21)
where ∇i∇jS[ϕ¯] = S,ij [ϕ¯] − Γ˜kijS,k[ϕ¯]. The corresponding effective action with Euclidean
metric is
Γ[ϕ¯] = S[ϕ¯]− ln detQαβ + 1
2
ln det
(
∇i∇jS[ϕ¯] + 1
2Ω
χα
,iχα,j
)
(B22)
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To calculate the above effective action, one can either use the standard procedure,
ln detD → Tr lnD and expand lnD in series, or equivalently rewrite the determinant back
to the functional integration [25],
ΓG =
1
2
ln det
(
∇i∇jS[ϕ¯] + 1
2Ω
χα
,iχα,j
)
= − ln
ˆ
Dηe−Sq (B23)
Sq =
1
2
ηiηj
[
S,ij − Γ˜kijS,k +
1
2Ω
χα
,iχα,j
]
(B24)
ΓGH = − ln detQαβ = − ln
ˆ
[Dc¯Dc] e−SGH , (B25)
with Sq = S0 + S1 + S2 in eq.(B23) and SGH = η¯αQ
α
βη
β = SGH0 + SGH1 + SGH2 in
eq.(B25). The subscripts on S denotes the order in the background field ϕ¯. ΓGH is the ghost
contribution with c¯α and c
β are anti-commuting ghost fields. At one loop order, we have
ΓG = − ln
ˆ
Dηe−S0−S1−S2 = − ln
ˆ
Dη
[
1− S2 + 1
2
S21
]
e−S0
= − ln
ˆ
Dηe−S0 +
´ Dη [S2 − 12S21] e−S0´ Dηe−S0
≈ 〈S2〉 − 1
2
〈
S21
〉
(B26)
where ≈ means that we have ignored the irrelevant infinite constant. Similarly, for the
ghost’s part, we have
ΓGH = − ln
ˆ
[Dc¯Dc] e−SGH0−SGH1−SGH2
≈ 〈SGH2〉 − 1
2
〈
S2GH1
〉
(B27)
Note that the connection terms T kijS,k and AijK
k
αS,k in eq.(B23) can be written as [40]
ST = −1
2
ηiT kijS,kη
j = (ηiKβi )K
k
β;jS,k(η
j − 1
2
ηlKαl K
j
α) (B28)
SK = −1
2
ηiAijK
k
αS,kη
j = 0, since KkαS,k = 0 (B29)
For the sake of ST , we will work in Landau-DeWitt gauge condition [37] which has the
following feature and can simplify the calculation significantly
χα = Kαi[ϕ¯]η
i = 0 =⇒ ST = 0 (B30)
This means that the difference between Γ˜kij and Γ
k
ij does not contribute to the effective action
at one loop. For multi-loop result, this is only true for special case that the metric gij doesn’t
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depend on the field ϕi [34, 37]. In this gauge, we can use the representation of δ-function,
δ[χα] = lim
Ω→0
[
det
(
δαβ
4πΩ
)] 1
2
exp
[
− 1
2Ω
χαχα
]
(B31)
Then at one-loop order with Landau-DeWitt gauge, the effective action is given by
Γ[ϕ¯] = S[ϕ¯]− ln detQαβ [ϕ¯]
+
1
2
lim
Ω→0
ln det
(
∇i∇jS[ϕ¯] + 1
2Ω
Kiα[ϕ¯]K
α
j [ϕ¯]
)
(B32)
with ∇i∇jS[ϕ¯] = S,ij[ϕ¯] − ΓkijS,k[ϕ¯], here the Christoffel connection Γkij is determined by
gij[ϕ]. Note that if any other gauge condition is chosen, Eq. (B32) will not be true and
the complicated form will replace it with the full Γ˜kij , Eq.(B19). It is noticed that the
connection term ΓkijS,k[ϕ¯] distinguishes the Vilkovisky-DeWitt’s method from the traditional
background-field method. Also, Ω in Landau-DeWitt gauge has to be enforced to 0 at the
end of calculation since it has a different origin from the Ω in Eq.(B22).
In this appendix, we shall give the useful formula in our calculation. We also show
the details of our computation of the Christoffel connection in the field space, Γiij and the
functional derivatives, S,i and S,ij in a general background space-time. The classical action
functional of Einstein-Maxwell theory with Euclidean metric is
S = SM + SG =
ˆ
d4x|g(x)| 12
[
1
4
FµνF
µν − 2
κ2
(R− 2Λ)
]
, (B33)
with Fµν = ∂µAν − ∂νAµ and κ2 = 32πG, G is the Newton’s gravitational constant, Λ is the
cosmological constant, and
SM =
1
4
ˆ
d4x|g(x)| 12FµνF µν , (B34)
SG = − 2
κ2
ˆ
d4x|g(x)| 12 (R− 2Λ), (B35)
and Riemann tensor
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρµλΓλνσ, (B36)
Γρµν =
1
2
gρλ
[
∂gµλ
∂xν
+
∂gνλ
∂xµ
− ∂gµν
∂xλ
]
. (B37)
Although we use the same symbol Γρµν , it should not be confused with the connection Γ
i
jk[ϕ
i]
on the field space. The action eq.(B33) is invariant under general coordinate and U(1) gauge
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transformations,
δgµν = −δǫρgµν,ρ − δǫρ,µgρν − δǫρ,νgρµ, (B38)
δAµ = −δǫνAµ,ν − δǫν ,µAν + δǫ,µ. (B39)
Both the general coordinate and U(1) gauge transformations affect the gauge field, shown
above. Write the above transformations in the form of δϕi = Kiαδǫ
α where ϕi = (gµν , Aµ)
and ǫi = (ǫµ, ǫ), explicitly, we have
δgµν(x) =
ˆ
d4x′
[
Kgµν(x)ρ(x, x
′)δǫρ(x′) +Kgµν(x)(x, x′)δǫ(x′)
]
, (B40)
δAµ(x) =
ˆ
d4x′
[
KAµ(x)ρ(x, x
′)δǫρ(x′) +KAµ(x)(x, x′)δǫ(x′)
]
. (B41)
The generators Kiα for symmetric transformations defined above are given by
Kgµν(x)ρ(x, x
′) =
[−gµν,ρ(x)− 2gρ(µ(x)∂ν)] δ(x, x′) (B42)
Kgµν(x)(x, x′) = 0 (B43)
KAµ(x)ρ(x, x
′) = [−Aµ,ρ(x)− Aρ(x)∂µ] δ(x, x′) (B44)
KAµ(x)(x, x′) = ∂µδ(x, x
′) (B45)
The parentheses mean the symmetrization over enclosed indices. δ(x, x′) has the following
features
ˆ
d4x′F (x′)δ(x, x′) = F (x)
ˆ
d4x′F (x′)∂µδ(x, x
′) = ∂µF (x)ˆ
d4x′F (x′)∂µ∂νδ(x, x
′) = ∂µ∂νF (x) (B46)
The explicit form of δ(x, x′) is not important here, all we need in the calculation are the
features above. It can be shown that δ(x, x′) of the following form can satisfy the above
features
δ(x, x′) = |g(x′)| 12 δ(x− x′)|g(x)|− 12 or simply δ(x− x′)
where δ(x − x′) is the usual Dirac δ-function in flat space-time. We will not rely on this
explicit form of δ(x, x′) in the calculations.
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Now we should choose a proper metric on the field space. At first sight, the metric seems
arbitrary. It is suggested in [9, 38] that there are several guidelines or rules for the choice
of the metric being unique, the effects of metric have been discussed in [39] when relaxing
one of the rules. The metric on the field space ϕi, Gij, can be defined by the line element,
ds2 = Gijdϕ
idϕj,
ds2 =
ˆ
dnxdnx′
{
Ggµν(x)gρσ(x′)dgµν(x)dgρσ(x
′) +GAµ(x)Aν(x′)dAµ(x)dAν(x
′)
}
(B47)
where the metric has the following form [25]
Ggµν(x)gρσ(x′) =
1
κ2
|g(x)| 12
(
gµ(ρgσ)ν − 1
2
gµνgρσ
)
δ(x, x′) (B48)
GAµ(x)Aν(x′) = |g(x)|
1
2 gµν(x)δ(x, x′) (B49)
The inverse metric is
Ggµν(x)gρσ(x
′) = κ2|g(x)|− 12
(
gµ(ρgσ)ν − 1
2
gµνgρσ
)
δ(x, x′). (B50)
GAµ(x)Aν(x
′) = |g(x)|− 12 gµν(x)δ(x, x′). (B51)
The orthogonal relation GijGjk = δ
i
k reads explicitly as
ˆ
d4x′Ggµν(x)gρσ(x
′)Ggρσ(x′)gλτ (x′′) = δ
λ
(µδ
τ
ν)δ(x, x
′′) (B52)
ˆ
d4x′GAµ(x)Aν(x
′)GAν(x′)Aρ(x′′) = δ
ρ
µδ(x, x
′′) (B53)
Using the metric and inverse metric on the field space, we can determine the corresponding
Christoffel connection through
Γkij =
1
2
Gkl
[
δGil
δϕj
+
δGjl
δϕi
− δGij
δϕl
]
(B54)
Below, we show the details of the tedious calculation for the Γkij.
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Appendix C: Christoffel Connection on the field space
In this section, we present the details to calculate the Christoffel Connection on the field
space [25]. Some useful formula for derivation are listed below
δgµν(x)
δgρσ(x′)
= δρ(µδ
σ
ν)δ(x, x
′), δρ(µδ
σ
ν) =
1
2
[
δρµδ
σ
ν + δ
ρ
νδ
σ
µ
]
(C1)
δAµ(x)
δAν(x′)
= δνµδ(x, x
′),
δgµν(x)
δAρ(x′)
= 0 =
δAρ(x)
δgµν(x′)
,
δ[δ(x, x′)]
δϕi
= 0 (C2)
δgµν(x) = −gµρ(x)gνσ(x)δgρσ(x), δg
µν(x)
δgρσ(x′)
= −gµ(ρgσ)νδ(x, x′) (C3)
δ|g(x)| 12 = 1
2
|g(x)| 12 gρσ(x)δgρσ(x), δ|g(x)|
1
2
δgρσ(x′)
=
1
2
|g(x)| 12gρσ(x)δ(x, x′) (C4)
We can calculate the first non-zero component of Christoffel connection,
Γ
gµν(x)
Aλ(x′)Aτ (x′′)
=
ˆ
d4x¯
1
2
Ggµν(x)gρσ(x¯)
[
−δGAλ(x′)Aτ (x′′)
δgρσ(x¯)
]
=
1
2
κ2δλ(µδ
τ
ν)δ(x, x
′)δ(x′, x′′) (C5)
Note that there is a missing κ2 in the corresponding equation in [25], but the final expanded
action there includes the κ2 back. In deriving the above equation, we have used Ggµν(x)Aρ(x¯) =
0, Ggµν(x)gρσ(x¯),Aτ (x′) = 0 and
δ
(
|g(x′)| 12gλτ (x′)
)
δgρσ(x¯)
= −|g(x′)| 12
[
gλ(ρgσ)τ − 1
2
gρσgλτ
]
δ(x′, x¯) (C6)
The next non-vanishing component is
Γ
Aµ(x)
Aν(x′)gαβ(x′′)
=
ˆ
d4x¯
1
2
GAµ(x)Aλ(x¯)
[
δGAν(x′)Aλ(x¯)
δgαβ(x′′)
]
=
1
4
[
gαβδνµ − 2gν(αδβ)µ
]
δ(x, x′)δ(x′, x′′) = Γ
Aµ(x)
gαβ(x′′)Aν(x′)
(C7)
and the most complicated component is
Γ
gλτ (x)
gµν(x′)gρσ(x′′)
=
ˆ
d4x¯
1
2
Ggλτ (x)gαβ(x¯)
[
δGgµν(x′)gαβ(x¯)
δgρσ(x′′)
+
δGgαβ(x¯)gρσ(x′′)
δgµν(x′)
− δGgµν(x′)gρσ(x′′)
δgαβ(x¯)
]
(C8)
This quantity is well-known in the literature, for instance [37], here we show the details as
a check of our calculation. To calculate the above expression, using eq.(B48) and eq.(C4),
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we can work out the first term in the bracket
δGgµν(x′)gρσ(x′′)
δgαβ(x¯)
= − 1
2κ2
δ(x′, x′′)δ(x′, x¯)|g(x′)| 12
([
gµ(αgβ)ρ − 1
2
gαβgµρ
]
gνσ + gµρgν(αgβ)σ
)
− 1
2κ2
δ(x′, x′′)δ(x′, x¯)|g(x′)| 12
([
gµ(αgβ)σ − 1
2
gαβgµσ
]
gνρ + gµσgν(αgβ)ρ
)
+
1
2κ2
δ(x′, x′′)δ(x′, x¯)|g(x′)| 12
([
gµ(αgβ)ν − 1
2
gαβgµν
]
gρσ + gµνgρ(αgβ)σ
)
which can be rewritten symmetrically
δGgµν(x′)gρσ(x′′)
δgαβ(x¯)
=
1
2κ2
δ(x′, x′′)δ(x′, x¯)|g(x′)| 12
[
−1
2
gµνgρσgαβ + gαβgµ(ρgσ)ν + gµνgρ(αgβ)σ
+ gρσgµ(αgβ)ν − gµρgν(αgβ)σ − gµσgν(αgβ)ρ − gνρgµ(αgβ)σ − gνσgµ(αgβ)ρ
]
We can see that the tensor structure is symmetric under µ ↔ ν, ρ ↔ σ, α ↔ β and
(µν) ↔ (ρσ), as expected since we have the symmetric metric Gij = Gji. The next two
terms in the bracket of eq.(C8) can be directly written down
δGgµν(x′)gαβ(x¯)
δgρσ(x′′)
=
1
2κ2
δ(x′, x¯)δ(x′, x′′)|g(x′)| 12
[
−1
2
gµνgρσgαβ + gρσgµ(αgβ)ν + gµνgα(ρgσ)β
+ gαβgµ(ρgσ)ν − gµαgν(ρgσ)β − gµβgν(ρgσ)α − gναgµ(ρgσ)β − gνβgµ(ρgσ)α
]
δGgαβ(x¯)gρσ(x′′)
δgµν(x′)
=
1
2κ2
δ(x¯, x′′)δ(x¯, x′)|g(x¯)| 12
[
−1
2
gµνgρσgαβ + gµνgα(ρgσ)β + gρσgα(µgν)β
+ gαβgρ(µgν)σ − gαρgβ(µgν)σ − gασgβ(µgν)ρ − gβρgα(µgν)σ − gβσgα(µgν)ρ
]
These three components have a common factor,[
−1
2
gµνgρσgαβ + gρσgµ(αgβ)ν + gµνgα(ρgσ)β + gαβgµ(ρgσ)ν
]
(C9)
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which is symmetric under (µν)↔ (ρσ)↔ (αβ). Now eq.(C8) can be calculated as
Γ
gλτ (x)
gµν(x′)gρσ(x′′)
=
ˆ
d4x¯
1
2
Ggλτ (x)gαβ(x¯)
[
δGgµν(x′)gαβ(x¯)
δgρσ(x′′)
+
δGgαβ(x¯)gρσ(x′′)
δgµν(x′)
− δGgµν(x′)gρσ(x′′)
δgαβ(x¯)
]
=
1
4
δ(x, x′)δ(x′, x′′)
(
gλ(αgβ)τ − 1
2
gλτgαβ
)
×([
−1
2
gµνgρσgαβ + gρσgµ(αgβ)ν + gµνgα(ρgσ)β + gαβgµ(ρgσ)ν
]
+
[−gµαgν(ρgσ)β − gµβgν(ρgσ)α − gναgµ(ρgσ)β − gνβgµ(ρgσ)α]
+
[−gαρgβ(µgν)σ − gασgβ(µgν)ρ − gβρgα(µgν)σ − gβσgα(µgν)ρ]
− [−gµρgν(αgβ)σ − gµσgν(αgβ)ρ − gνρgµ(αgβ)σ − gνσgµ(αgβ)ρ]) (C10)
The index contract can be computed directly. We finally have
Γ
gλτ (x)
gµν(x′)gρσ(x′′)
= δ(x, x′)δ(x′, x′′)
(
−1
8
gµνgρσgλτ − δ(µ(λgν)(ρδσ)τ)
+
1
4
[
gρσδµ(λδ
ν
τ) + g
µνδρ(λg
σ
τ) + gλτg
µ(ρgσ)ν
])
(C11)
We can summarize the non-vanishing Christoffel connection components as follows
Γ
gµν(x)
Aλ(x′)Aτ (x′′)
=
1
2
κ2δ(λµ δ
τ)
ν δ(x, x
′)δ(x′, x′′)
Γ
Aµ(x)
Aν(x′)gαβ(x′′)
=
1
4
(
δνµg
αβ − 2δ(αµ gβ)ν
)
δ(x, x′)δ(x, x′′)
Γ
Aµ(x)
gαβ(x′′)Aν(x′)
= Γ
Aµ(x)
Aν(x′)gαβ(x′′)
Γ
gλτ (x)
gµν(x′)gρσ(x′′)
=
[
−δ(µ(λgν)(ρδσ)τ) +
1
4
gµνδρ(λδ
σ
τ) +
1
4
gρσδµ(λδ
ν
τ)
+
1
4
(
gλτg
µ(ρgσ)ν − 1
2
gλτg
µνgρσ
)]
δ(x, x′′)δ(x′, x′′) (C12)
Appendix D: Functional derivatives
Let us now calculate the functional derivatives S,i and S,ij. The functional derivatives
over the graviton and gauge fields on a general background are decomposed as
δS
δgµν(x)
=
δ (SG + SM)
δgµν(x)
=
δSG
δgµν(x)
+
δSM
δgµν(x)
(D1)
δS
δAµ(x)
=
δ (SG + SM)
δAµ(x)
=
δSM
δAµ(x)
(D2)
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We shall calculate the above quantities separately.
δSM
δAµ(x)
=
1
4
ˆ
d4x′|g(x′)| 12gαρgβσ δ (FρσFαβ)
δAµ(x)
= ∂α
(
|g(x)| 12F µα
)
(D3)
and
δSM
δgµν(x)
=
1
4
ˆ
d4x′FρσFαβ
δ
(|g(x′)|1/2gαρgβσ)
δgµν(x)
=
1
4
|g(x)| 12
[
1
2
gµνF 2 − 2F µσF νσ
]
= −1
2
|g(x)| 12T µν (D4)
where we have used F 2 = FαβF
αβ for short and defined
T µν =
−2√
g(x)
δSM
δgµν(x)
= F µσF
νσ − 1
4
gµνF 2 (D5)
For the functional derivative with respect to the metric, we list the following formulas for
convenience.
δRρσµν = ∂µδΓ
ρ
νσ − ∂νδΓρµσ + δ
[
ΓρµλΓ
λ
νσ − ΓρµλΓλνσ
]
∇λδΓρνµ = ∂λδΓρνµ + ΓρσλδΓσνµ − ΓσνλδΓρσµ − ΓσµλδΓρνσ
δRρσµν = ∇µδΓρνσ −∇νδΓρµσ
δΓρµν =
1
2
gρσ
[
(δgµσ);ν + (δgνσ);µ − (δgµν);ρ
]
(D6)
and
δRµν = δR
ρ
µρν = ∇ρδΓρνµ −∇νδΓρρµ
δR = Rµνδg
µν + gµνδRµν = Rµνδg
µν +∇σ
[
gµνδΓσνµ − gµσδΓρρµ
]
= Rµνδg
µν + gµνgρσ [δgρσ;µν + δgρµ;ρν ]
Similarly, we have
δSG
δgµν(x)
= = − 2
κ2
ˆ
d4x′

δ
(
|g(x′)| 12 (R− 2Λ)
)
δgµν(x)

 = − 2
κ2
|g(x)| 12Eµν
where we have used ˆ
d4x′|g(x′)| 12
(
gαβ
δRαβ
δgµν(x)
)
= Surface terms (D7)
and defined Eµν = 1
2
(R−2Λ)gµν−Rµν . The Einstein equation can be obtained by imposing
δS
δgµν(x)
= 0,
Rµν − 1
2
Rgµν + Λgµν = 8πGT µν (D8)
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In the present paper, we are working in a flat background space-time. Since in this case we
expand at a background that doesn’t satisfy Einstein equation, we actually deal with the
off-shell effective action. The connection term in eq.(B32) is necessary to be included for a
gauge condition independent result. For S,i , we summarize the final result as
δSM
δgµν(x)
=
1
4
|g(x)| 12
[
1
2
gµνFαβF
αβ − 2F µσF νσ
]
(D9)
δSG
δgµν(x)
= − 2
κ2
|g(x)| 12
[
1
2
(R − 2Λ)gµν −Rµν
]
(D10)
δSM
δAµ(x)
= ∂α
(
|g(x)| 12F µα
)
,
δSG
δAµ(x)
= 0 (D11)
The above formulas are true for general background space-time g¯µν .
Although we can expand the Lagrangian eq.(B33) straightforwardly for a flat background
space-time, here we shall calculate S,ij for the expansion. We may use the following equations
for convenience,
δ
(
|g(x′)| 12F 2
)
δgµν(x)
= |g(x)| 12 δ(x′, x)
[
1
2
gµνF 2 − 2F µσF νσ
]
δ
(
|g(x′)| 12F αβ
)
δgµν(x)
=
δ
(
|g(x′)| 12gαρgβσFρσ
)
δgµν(x)
= |g(x′)| 12 δ(x′, x)
[
1
2
gµνF αβ − gα(µF ν)β + gβ(µF ν)α
]
In computing S,ij, the following components are straightforward,
δ2SG
δAµ(x)δAν(x′)
= 0 (D12)
δ2SM
δAµ(x)δAν(x′)
= ∂α
(
|g(x)| 12 δF
µα
δAν(x′)
)
= ∂α
(
|g(x)| 12 [∂µδαν − ∂αδµν ] δ(x, x′)
)
(D13)
δ2SM
δAµ(x)δgαβ(x′)
= ∂ν

δ
[
|g(x)| 12F µν
]
δgαβ(x′)


= ∂ν
(
g(x)| 12 δ(x, x′)
[
1
2
gαβF µν − gµ(αF β)ν + gν(αF β)µ
])
(D14)
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The rest parts are much more complicated. The matter part has the form
δ2SM
δgµν(x)δgαβ(x′)
=
1
4
δ
δgαβ(x′)
(
|g(x)| 12
[
1
2
gµνF 2 − 2F µσF νσ
])
= |g(x)| 12 δ(x, x′)
(
1
16
gµνgαβF 2 − 1
8
F 2gµ(αgβ)ν +
1
2
F νσg
µ(αF β)σ
+
1
2
F µσg
ν(αF β)σ − 1
2
F µσg
σ(αF β)ν − 1
4
gµνF ασF
βσ − 1
4
gαβF µσF
νσ
)
For the gravity part, we have
δ2SG
δgµν(x)δgαβ(x′)
= − 1
κ2
|g(x)| 12 δ(x, x′)
(
(R− 2Λ)
[
1
2
gµνgαβ − gµ(αgβ)ν
]
− gµνRαβ − gαβRµν
+2
[
gα(µRβ)ν + gα(νRβ)µ
])− 1
κ2
|g(x)| 12 [gµνgρσ − 2gµρgσν ] δRρσ
δgαβ(x′)
where δRρσ
δgαβ(x′)
can be worked out by using eq.(D6).
Appendix E: Euclidean flat Background
In the following discussion, we will focus on the flat background space-time and consider
the one-loop contribution to the gauge effective action from the graviton. We expand the
fields, ϕi = (gµν , Aµ), at the background-fields, ϕ¯
i = (δµν , A¯µ),
gµν = δµν + κhµν ; Aµ = A¯µ + aµ (E1)
Expansion of the action in flat background space-time is straightforward by directly replacing
the fields with above equations. One can also work out first the functional derivatives, S,i
and S,ij , and then consider the effective Lagrangian
1
2
ηiηj
[
S,ij − ΓkijS,k + 12Ωχα,iχα,j
]
, as we
shall show below in detail.
Using the formulas given in the previous appendix sections and imposing the flat back-
ground space-time, we have
δSM
δgµν(x)
∣∣∣∣
ϕ¯i
=
1
4
[
1
2
δµνF¯ 2 − 2F¯ µσF¯ νσ
]
,
δSG
δgµν(x)
∣∣∣∣
ϕ¯i
=
2
κ2
Λδρσ (E2)
δSM
δAµ(x)
∣∣∣∣
ϕ¯i
= ∂αF¯
µα,
δSG
δAµ(x)
∣∣∣∣
ϕ¯i
= 0 (E3)
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For S,ij, the most complicated one is
δ2S
δgµν(x)δgαβ(x′)
, and we need the following result
δRµν
δgαβ(x′)
∣∣∣∣
ϕ¯i
=
1
2
[
2δ
(α
(µ∂
β)∂ν) − δ(αµ δβ)ν − δαβ∂µ∂ν
]
δ(x, x′)
putting all together, we can show that
δ2SG
δgµν(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
=
1
κ2
δ(x, x′)
[
∂(µδν)(α∂β) +
(
δαβδµν − δµ(αδβ)ν)− δµν∂α∂β − δαβ∂µ∂ν]
+
2Λ
κ2
δ(x, x′)
[
1
2
δµνδαβ − δµ(αδβ)ν
]
We may summarize the following formulas with flat background space-time,
δ2SG
δAµ(x)δAν(x′)
∣∣∣∣
ϕ¯i
=
δ2SG
δAµ(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
= 0
δ2SM
δAµ(x)δAν(x′)
∣∣∣∣
ϕ¯i
=
[
∂µ∂ν − ∂2δµν] δ(x, x′)
δ2SM
δAµ(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
= ∂ν
(
δ(x, x′)
[
1
2
δαβF¯ µν − δµ(αF¯ β)ν + δν(αF¯ β)µ
])
and
δ2SM
δgµν(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
= δ(x, x′)
([
1
16
δµνδαβF¯ 2 − 1
8
F¯ 2δµ(αδβ)ν
]
+
1
2
F¯ νσδ
µ(αF¯ β)σ +
1
2
F¯ µσδ
ν(αF¯ β)σ − 1
2
F¯ µσδ
σ(αF¯ β)ν
−1
4
δµνF¯ασF¯
βσ − 1
4
δαβF¯ µσF¯
νσ
)
δ2SG
δgµν(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
=
2Λ
κ2
δ(x, x′)
[
1
2
δµνδαβ − δµ(αδβ)ν
]
+
1
κ2
δ(x, x′)×
[
∂(µδν)(α∂β) +
(
δαβδµν − δµ(αδβ)ν)− δµν∂α∂β − δαβ∂µ∂ν]
so far we have the pieces to calculate the covariant derivative for the classical action with
respect to ϕi and to expand the terms which are necessary for one-loop calculation of
Vilkovisky-DeWitt effective action. We shall work out the needed effective action by ex-
panding and truncating piece by piece.
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1. Ordinary derivative terms 12η
iS,ijη
j
Let us first consider the quadratic terms on the quantum gauge field aµ,
1
2
aS,AAa =
1
2
ˆ
d4xd4x′aµ(x)
δ2SM
δAµ(x)δAν(x′)
∣∣∣∣
ϕ¯i
aν(x
′)
=
1
2
ˆ
d4xaµ(x)
[
∂µ∂ν − ∂2δµν] aν(x) (E4)
This part together with the gauge fixing term will give the propagator of gauge boson. With
including cosmological constant, it will be seen in the connection terms that other terms
will contribution as well. The quadratic terms cross on graviton hµν and gauge field aµ are
given by
1
2
aS,Agκh =
1
2
ˆ
d4xd4x′aµ(x)
δ2SM
δAµ(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
κhαβ(x
′)
=
κ
2
ˆ
d4x
[
1
2
hF¯ µν∂µaν − F¯βµhνβ∂νaµ + F¯βνhαβ∂νaα
]
(E5)
and the same terms for 1
2
κhS,gAa. There are also quadratic terms on graviton field hµν ,
1
2
κhS,ggκh =
κ2
2
ˆ
d4xd4x′hµν(x)
δ2SG
δgµν(x)δgαβ(x′)
∣∣∣∣
ϕ¯i
hαβ(x
′)
=
ˆ
d4x
(
Λ
[
1
2
h2 − hµνhµν
]
+
[
1
4
h∂2h− 1
2
hµν∂2hµν −
(
∂µhµν − 1
2
∂νh
)2])
(E6)
The first term associated with Λ in the parenthesis may act as a mass term for graviton,
and will display itself in the graviton propagator.
2. Manifold connection terms −12ηiΓkijS,kηj
Since we are working in a flat background space-time, which is not a solution of Einstein
equation in the presence of matter fields, we need to include the connection terms for yielding
a gauge fixing condition independent result in the Vilkovisky-DeWitt’s framework. The
quadratic terms on quantum gauge field aµ are,
−1
2
aΓgAAaS,g = −
1
2
ˆ
d4xd4x′d4x′′aλ(x
′)Γ
gµν(x)
Aλ(x′)Aτ (x′′)
aτ (x
′′)
δS
δgµν(x)
∣∣∣∣
ϕ¯i
=
ˆ
d4x
(
−1
2
Λδµν − 1
8
κ2
[
1
4
δµνF¯ 2 − F¯ µσF¯ νσ
])
aµaν (E7)
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As we can see from the above equation that, with the non-zero cosmological constant, the
connection induced interactions with the term 2Λaµa
ν will change the gauge propagator.
This also happens in the graviton part as we can see above. The quadratic terms cross on
graviton hµν and gauge field aµ are,
−1
2
aΓAAgκhS,A = −
1
2
ˆ
d4xd4x′d4x′′aν(x
′)Γ
Aµ(x)
Aν(x′)gαβ(x′′)
κhαβ(x
′′)
δS
δAµ(x)
∣∣∣∣
ϕ¯i
= −κ
8
ˆ
d4x
[
δαβδνµ − 2δν(αδβ)µ
]
∂λF¯
µλhαβaν (E8)
which involves the term ∂λF¯
µλ and will not contribute the corrections to F 2 operator in our
calculation. The quadratic terms on graviton hµν are given by,
−1
2
κhΓgggκhS,g = −
κ2
2
ˆ
d4xd4x′d4x′′hµν(x
′)Γ
gλτ (x)
gµν(x′)gρσ(x′′)
hρσ(x
′′)
δS
δgλτ (x)
∣∣∣∣
ϕ¯i
=
κ2
4
ˆ
d4xhµνhρσ
[
1
4
δµρδσνF¯ 2 − 1
8
δµνδρσF¯ 2 +
1
2
δρσF¯ µαF¯
να − δνρF¯ µαF¯ σα
]
(E9)
These are interacting terms between graviton and gauge boson from the connection terms,
which is crucial for gauge condition independent calculation.
3. Gauge Fixing terms 14Ωη
iKαiK
α
j η
j
For getting proper propagators, we shall also include the gauge fixing term. The Landau-
DeWitt gauge is defined by eq. (B30) with χα = K
i
α[ϕ¯]gij [ϕ¯]η
j = 0. For the gravity, we
have
χα =
ˆ
d4x′d4x′′
([−δµα∂′ν − δαν∂′µ] δ(x′, x) 1κ2
(
δµ(ρδσ)ν − 1
2
δµνδρσ
)
δ(x′, x′′)κhρσ(x
′′)
+
[−A¯µ,α′(x′)− A¯α(x′)∂′µ] δ(x′, x)δµνδ(x′, x′′)aν(x′′)
)
=
2
κ
[
∂µhµα − 1
2
∂αh
]
+
[
aµF¯µα + A¯α∂
µaµ
]
(E10)
with h = δµνh
µν . For the gauge field, we yield
χ =
ˆ
d4x′d4x′′
[
∂′µδ(x
′, x)
]
δµνδ(x′, x′′)aν(x
′′) = −∂µaµ (E11)
Thus the Landau-DeWitt gauge conditions (ω = 1) are found to be
χλ =
2
κ
(∂µhµλ − 1
2
∂λh) + ω(A¯λ∂
µaµ + a
µF¯µλ) (E12)
χ = −∂µaµ (E13)
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where ω is a parameter introduced [25] for a comparison with the traditional background-
field method with harmonic gauge(ω = 0). It is tempting to impose ∂µaµ = 0 in eq.(E12),
we shall discuss it late on as this term can bring quartic divergences which may break the
U(1) gauge invariance.
The gauge fixing term can be written explicitly as
SGF =
1
4Ω
ηiKαiK
α
j η
j =
1
4ξ
(χλ)
2 +
1
4ζ
(χ)2 (E14)
where ξ and ζ are gauge fixing parameters for gravity and gauge fields, respectively. The
gauge fixing terms are given by
SGF =
1
κ2ξ
[
∂µhµλ − 1
2
∂λh
]2
+
1
4ζ
[∂µaµ]
2 +
ω2
4ξ
[
A¯λ∂
µaµ + a
µF¯µλ
]2
+
ω
κξ
[
∂µhµλ − 1
2
∂λh
] [
A¯λ∂
µaµ + a
µF¯µλ
]
(E15)
4. Ghost part
It has to include the ghost’s contributions as we are working in a gauge that induces the
ghost-gauge coupling. The action of the ghost part is
SGH = c¯αQ
α
β[ϕ¯]c
β = c¯λ
δχλ
δϕi
δϕi
δǫρ
∣∣∣∣
ϕ¯i
cρ + c¯λ
δχλ
δϕi
δϕi
δǫ
∣∣∣∣
ϕ¯i
c+ c¯
δχ
δϕi
δϕi
δǫ
∣∣∣∣
ϕ¯i
c+ c¯
δχ
δϕi
δϕi
δǫρ
∣∣∣∣
ϕ¯i
cρ
= SGH0 + SGH1 + SGH2
where cρ and c denotes the corresponding ghost for gravity and gauge feilds, respectively.
For the evaluation of one-loop two-point Green’s function, we can drop terms with quantum
fields hµν and aµ since the ghost and its anti-ghost will form a loop, one more quantum field
needs contract with another quantum field, forming the second loop. The action is the sum
of the following four parts,
c¯
δχ
δϕi
δϕi
δǫ
∣∣∣∣
ϕ¯i
c =
ˆ
d4xd4x′d4x¯
[
c¯(x)
δχ(x)
δϕi(x′)
Kϕ
i
(x′, x¯)c(x¯)
]
=
ˆ
d4x [−c¯(x)] d4x′
[
∂µδ(x, x′)∂
′
µc(x
′)
]
=
ˆ
d4x [−c¯c]
which is the free part of Lagrangian for the ghost of the U(1) gauge theory. And
c¯λ
δχλ
δϕi
δϕi
δǫρ
∣∣∣∣
ϕ¯i
cρ =
ˆ
d4xd4x′d4x¯
[
c¯λ(x)
δχλ(x)
δϕi(x′)
K ϕ¯
i
ρ(x
′, x¯)cρ(x¯)
]
=
ˆ
d4x
[
− 2
κ2
c¯λcρ − ωc¯λF¯ νλA¯ν,ρcρ − ωc¯λF¯ νλA¯ρ∂νcρ − ωc¯λA¯λA¯ρcρ − ωc¯λA¯λA¯ν,ρ∂νcρ
]
where the first term in the bracket gives the free part of Lagrangian for the gravitational ghost
introduced by fixing the general coordinate transformation, and other terms are treated as
interactions. These interactions are proportional to ω, and indicate that in harmonic gauge
ω = 0, gravitational ghost and anti-ghost do not interact with gauge fields. However, there
are still interactions like c¯Acµ in the Lagrangian for arbitrary ω.
c¯λ
δχλ
δϕi
δϕi
δǫ
∣∣∣∣
ϕ¯i
c =
ˆ
d4xd4x′d4x¯
[
c¯λ(x)
δχλ(x)
δϕi(x′)
K ϕ¯
i
(x′, x¯)c(x¯)
]
= ω
ˆ
d4x
[
c¯λA¯λc+ c¯
λF¯ µλ∂µc
]
,
and
c¯
δχ
δϕi
δϕi
δǫρ
∣∣∣∣
ϕ¯i
cρ =
ˆ
d4xd4x′d4x¯
[
c¯(x)
δχ(x)
δϕi(x′)
K ϕ¯
i
ρ(x
′, x¯)cρ(x¯)
]
=
ˆ
d4x
[
c¯A¯µ,µρc
ρ + c¯A¯µ,ρc
ρ,µ + c¯A¯ρc
ρ + c¯A¯ρ,µc
ρ,µ
]
.
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